We investigate the time evolution of wave packets in systems with a mixed phase space where regular islands and chaotic motion coexist. For wave packets started in the chaotic sea on average the weight on a quantized torus of the regular island increases due to dynamical tunneling. This flooding weight initially increases linearly and saturates to a value which varies from torus to torus. We demonstrate for the asymptotic flooding weight universal scaling with an effective tunneling coupling for quantum maps and the mushroom billiard. This universality is reproduced by a suitable random matrix model.
I. INTRODUCTION
Typical Hamiltonian systems have a mixed phase space in which dynamically separated regular and chaotic regions coexist. A fundamental question is how the properties of the classical dynamics are reflected in the corresponding quantum system [1, 2] . In the semiclassical limit, i.e. at short wave length or when typical actions become large in comparison to Planck's constant, one expects according to the semiclassical eigenfunction hypothesis that eigenstates localize on classically invariant regions in phase space [3] [4] [5] . Thus they can be classified as regular or chaotic, see e. g. [6] [7] [8] [9] [10] [11] . Away from the semiclassical limit, however, the correspondence between eigenstates and classically invariant regions breaks down. For example partial barriers can lead to localization of eigenstates and wave packets [6, [12] [13] [14] [15] [16] ]. Another phenomenon is dynamical tunneling [17, 18] between regular and chaotic phase-space regions. As a consequence regular states only exist if in addition to the WKB-quantization condition the relation [19, 20] 
is fulfilled, where γ m is the regular-to-chaotic tunneling rate from the mth torus to the chaotic sea and τ H,ch = h eff /∆ ch is the Heisenberg time of the chaotic sea with mean level spacing ∆ ch . If the criterion (1) is violated the mth regular state disappears and the corresponding region in phase space is flooded by chaotic states. The transition region, until the state fully disappears, is rather broad. An important consequence are huge localization lengths in nano wires with surface disorder [21, 22] . Also eigenstates in higher-dimensional systems are influenced by flooding [23] . Flooding also occurs in the time evolution of wave packets. Starting a wave packet in the chaotic sea it will partially or completely flood the regular island [19] , see Fig. 1 . The determination of tunneling rates γ m entering in Eq. (1) has been studied in much detail, see e.g. [18, 24, 25] , including consequences on spectral statistics [26] , quality factors in optical microcavities [27] , and the existence of bouncing-ball modes [28] .
In this paper we study this temporal flooding of the regular island not just for the entire regular island [19] , but specifically for individual tori. We quantify the amount of flooding of a torus by a suitably defined weight. This flooding weight initially increases linearly. At a saturation time it reaches its asymptotic value. We observe that the asymptotic flooding weight and the saturation time for individual tori show a universal scaling with an effective tunneling coupling. This is found for a suitably designed quantum map as well as the generic standard map and the mushroom billiard. The universality is reproduced by an appropriate random matrix model. This paper is organized as follows: Temporal flooding is introduced for the designed quantum map in Sec. II. The initial linear increase of the flooding weight is explained in Sec. III. The following Sec. IV deals with the universal scaling of the asymptotic flooding weight and its modelling by random matrices. Further applications to the standard map and the mushroom billiard are presented in Sec. V. A summary and outlook is given in Sec. VI.
. . . . . . 
II. TEMPORAL FLOODING

A. System
For the study of temporal flooding in a mixed phase space we consider an example system with one large regular island surrounded by a chaotic sea [20, 29] . This is realized by a kicked Hamiltonian system
where the potential V (q) and the kinetic energy T (p) are designed appropriately with periodic boundary conditions in q-and p-direction, see Appendix A for a detailed definition. One considers the dynamics stroboscopically just after each kick, giving an area preserving designed map, see Fig. 2(a) . Quantum mechanically the dynamics of such a map is described by a unitary operator U (see e.g. [30] [31] [32] [33] )
which determines the time evolution of wave packets
The dimension of the Hilbert space is given by N = 1/h eff . The eigenstates |ψ j of U are defined by
where ε j are the quasi-energies having mean spacing 2π/N . The eigenstates can be classified as either regular or chaotic depending on the region on which they predominately concentrate. Due to tunneling they have contributions in all regions of phase space. A time-evolved wave packet, initially localized in the chaotic sea, will tunnel into the regular island. To measure its weight in the regular island we will later use its projection onto regular basis states |χ reg m , which are concentrated on quantized regular tori, see Fig. 2 . These tori fulfill the WKB quantization rule
with quantum number m = 0, 1, ..., m max − 1. The number of regular basis states in the island of area A reg is given by
where ⌊·⌋ denotes the floor function. We consider a designed map, Appendix A, for which A reg ≈ 0.21. For h eff = 1/20 this leads to m max = 4 regular basis states. Generally, the construction of the regular basis states can be done using semiclassical methods. For the designed map they are given analytically, Eq. (A8). The regular basis states |χ reg m form an orthonormal basis within the regular island, they have no chaotic admixture, in contrast to the regular eigenstates of the quantum map.
B. Wave packet dynamics
We consider the behavior of wave packets |ϕ t , which are initially localized in the chaotic sea. Their weight on the mth regular torus is measured by the overlap with the mth regular basis state |χ
This overlap depends on the initial wave packet |ϕ 0 and the chosen Bloch phase θ q , which arises from the periodic boundary conditions in q-direction. Fig. 3 shows the probability p reg m,θq,|ϕ0 (t) for m = 0 and different θ q . We observe Rabi-like oscillations with various amplitudes and frequencies. They originate from the tunneling coupling of the regular basis state |χ reg 0 with the spectrally closest chaotic state for each θ q . These are superimposed by small oscillations caused by couplings to other chaotic states. In Fig. 3(b) we show p reg m,θq,|ϕ0 (t) on a double logarithmic scale.
To investigate the universal behavior of the time evolution of wave packets flooding the regular island, we first introduce the regular weight p
which is the average over different Bloch phases θ q and different initial wave packets |ϕ 0 . In Fig. 3 (b) the regular weight p reg 0 (t) shows a linear increase at small times and a saturation plateau at large times.
C. Flooding weight
To quantify the flooding in systems with a mixed phase space it is helpful to divide the Hilbert space into the regular basis states |χ the chaotic basis states |χ ch . This separation allows for defining the flooding weight f m (t) which will turn out to show universal behavior,
It is the ratio of the regular weight p reg m on the mth torus to the average weight in the subspace given by the chaotic basis states and the mth regular basis state. Here p ch (t) is the weight in the chaotic subspace following from normalization
and N ch is the number of chaotic basis states, Fig. 4 (b) shows a double-logarithmic representation of the same data and we observe a linear increase followed by a saturation of the flooding weights. For regular tori closer to the center of the island the asymptotic flooding weight is lower. The regime of linear increase and the saturation regime will be discussed in Secs. III and IV respectively. The transition regime shows in Fig. 4 (a) remnants of Rabi-like oscillations as for p reg m,θq,|ϕ0 in Fig. 3 (a), which will be discussed in Sec. IV F.
D. Many unit cells in phase space
The amount of flooding of regular tori depends both on the tunneling rate and the size of the chaotic sea. A periodic extension of the designed map to M unit cells in q-direction, see inset of Fig .
(iv) The flooding weight f m (t) is now defined by
which is the ratio of the average weight in the subspace of the M regular basis states on the mth regular torus to the average weight in the subspace given by the chaotic basis states and the M regular basis states with quantum number m. Here p ch (t) is still given by Eq. (11) and N ch is the number of chaotic basis states
The definition of the flooding weight f m (t) is such that it reaches f m = 1, if the wave packet is uniformly spread over the chaotic sea and the mth regular torus in all M unit cells. (v) The periodic extension leads to transporting regular islands, e.g. the mth torus in the jth unit cell is mapped to the (j + 1)th unit cell. The case of non-transporting islands is discussed in Ref. [34] . 
with the chaotic-to-regular tunneling rate γ 
We now express the chaotic-to-regular tunneling rate γ 
Here ρ ch = N ch /(2π) is the density of chaotic basis states and ρ reg m = M/(2π) is the density of regular basis states corresponding to the mth torus. This leads to
and allows for rewriting Eq. (16) as
For M ≪ N ch this simplifies to f m (t) ≈ γ m t. In the following we use the numerically obtained tunneling rates γ m , see [35, 36] . For the parameters of Fig. 4 we find
For the parameters of Fig. 5 , where h eff is changed by 2% one finds that the tunneling rates γ m change by less than 15%. Figures 4(b) and 5(b) show that this linear behavior, Eq. (20), is valid almost up to the saturation regime.
Naively, one would expect that the saturation happens latest at the Heisenberg time, which in dimensionless form is given by τ H,ch = N ch . Fig. 5 (b) and in particular Fig. 4(b) show that this is not true and that the saturation regime may be reached at much larger times. This will be explained in Sec. IV E.
IV. SATURATION REGIME
In this section we study the saturation regime of the flooding weights. By introducing an appropriate scaling parameter we find universal properties for the asymptotic behavior of the flooding weights.
A. Universal scaling of the asymptotic flooding weight
The flooding weights saturate on plateaus of different heights shown in Fig. 5 . We define the asymptotic flooding weight
where · t indicates a temporal average. Numerically one uses a time interval, which starts at times larger than the beginning of each plateau. As scaling parameter for the asymptotic flooding weights we define an effective coupling v eff between regular and chaotic basis states
It is obtained by rescaling the averaged tunnel coupling matrix elements v reg,ch m with the mean level spacing in a subsystem of N ch chaotic and M regular basis states on the mth regular torus. This effective coupling v eff is almost identical to the square root of the transition parameter Λ = v 2 /∆ 2 of coupled random matrix models for mixed systems [6] with v 2 the variance of the perturbation and ∆ the mean level spacing. However, here the effective mean level spacing ∆ eff , Eq. (23), of the subsystem is more appropriate than the mean level spacing ∆ = 2π/N . Note, that the definition of ∆ eff in Eq. (23) is also different from the one in Ref. [20, Sec. 4] where ∆ ch = 2π/N ch is used as the effective mean level spacing. For the parameters used there it is irrelevant as M ≪ N ch , while for M ≈ N ch we find that it is necessary to use Eq. (23) .
Often it is convenient to express the effective coupling v eff in terms of the numerically accessible tunneling rates γ m instead of the coupling matrix element v reg,ch m . Using Fermi's golden rule, Eq. (18), leads to
Fig . 6 shows that there is a universal dependence of the asymptotic flooding weights f ∞ as a function of the effective coupling v eff for the designed map. This is observed for various parameter values for h eff , M , m max , and m over several orders of magnitude in v eff . Note that the transition is rather broad in v eff .
B. Asymptotic flooding weight in terms of eigenstates
For various applications it is convenient to express the asymptotic flooding weight in terms of properties of the eigenstates, instead of the time evolution of wave packets. This will include the numerical and analytical study of random matrix models and the numerical study of the mushroom billiard.
For 
where ξ r ∈ [0, 2π) are identical independently distributed random variables for r = 1, . . . , N ch . The random real amplitudes a r only have to fulfill the normalization condition
The expansion coefficients c k of the initial wave packet |ϕ 0 in the basis of eigenstates |ψ k of U are
for k = 1, . . . , N . The average over the initial wave packet |ϕ 0 leads to
where in the first step the off-diagonal terms of the double sum vanish due to the random phases ξ r and for the diagonal term we used Eq. (26) . In the second step the completeness and orthogonality of the regular and chaotic basis states was taken into account. To compute the asymptotic flooding weight f ∞ we consider an ensemble of quantum maps with associated eigenstates |ψ k . Within this ensemble the regular states and their average coupling to the chaotic states are fixed, while the chaotic states are strongly varied. For an individual quantum map the overlap of the time-evolved wave packet |ϕ t = N k=1 c k e iε k t |ψ k with the regular basis states is according to Eq. (8) given by
where
As in Eq. (9) we now perform an average over different initial wave packets |ϕ 0 and perform an ensemble average (indicated by · e ), giving the regular weight
Following Eq. (10) and using that p reg (t) + p ch (t) = 1 we obtain the flooding weight
For the asymptotic flooding weight we perform a time average according to Eq. (21), f ∞ = f (t) t , and with p fl (t) t = 0 we obtain
.
Using Eq. (30) we finally obtain
This gives the dependence of the asymptotic flooding weight f ∞ on the overlap of the eigenstates with the regular basis states. The extreme values of f ∞ are zero and one: If an eigenstate of the system is identical to a regular basis state it is not flooded at all and f ∞ = 0. In contrast, for a completely flooded state, i.e. |χ reg has the same overlap 1/N with all eigenstates |ψ j , we get f ∞ = 1. For the more general case with more than one regular basis state on the same regular torus in different unit cells (M = 1) we obtain with this approach the asymptotic flooding weight
This concludes the derivation of an expression of the asymptotic flooding weight in terms of properties of the eigenstates, which is complementary to its definition in terms of the time evolution of wave packets, Eq. (21).
C. Random matrix modeling
Random matrix modeling has been successfully used to describe level statistics in the context of chaos assisted tunneling, see e.g. [6, 20, [37] [38] [39] . To explain the behavior of the asymptotic flooding weights we use the model proposed in Ref. [20] given by the time dependent Hamiltonian
Here H reg is a diagonal matrix with entries representing the eigenenergies of a purely regular system, where the matrix size is given by M m max . In the following we restrict ourselves to the study of one individual regular torus, such that the matrix size of H reg is M . In the case of transporting regular islands the energies of these M regular basis states are equidistant [40] , see Fig. 7 . In this matrix model we choose the energy spacings such that the mean spacing ∆ eff = 1 and the regular basis states are spread over an energy interval of length N . This is in contrast to the Poissonian distribution, which generically occurs if one considers many quantized regular tori. The case of non-transporting islands is discussed in Ref. [34] . For H ch we use a diagonal matrix of size N ch , with entries representing the eigenvalues of a purely chaotic system. Instead of using eigenvalues of a matrix from the Gaussian orthogonal ensemble, as commonly used, we take the eigenvalues of a matrix from the circular orthogonal ensemble [41] scaled to the energy interval of length N such that ∆ ch = N/N ch . This ensures that we can use all eigenstates, as the mean level spacing is constant in contrast to the semi-circle law of the Gaussian orthogonal ensemble. Boundary effects can be neglected for sufficiently large matrix size N . The coupling matrix V consists of Gaussian random variables with mean zero and variance (v eff ∆ eff ) 2 according to Eq. (23), which for the chosen energy scaling gives the variance v 2 eff . Numerically we used for the ratio of the submatrix sizes N ch /M = 1 and found convergence at matrix size N = 400 even for the largest effective couplings v eff . For ratios N ch /M > 1 convergence of f ∞ is obtained for larger N only, e.g. for N ch /M = 5 a matrix size N = 10000 is needed. Fig. 6 shows the predictions of the random matrix model for the asymptotic flooding weights, Eq. (39). They are in good agreement with the asymptotic flooding weights obtained by time evolution of wave packets of the designed map.
D. 2 × 2 matrix model
It turns out that a 2 × 2 matrix model leads to the asymptotic flooding weight
which very closely follows the numerical flooding weights of the designed map and the prediction of the random matrix model, see Fig. 6 . Equation (42) is the answer to the question of the universeality [42] . It follows from a reduction of the random matrix model, Eq. (41), to a 2 × 2 matrix model
where 2κ is the unperturbed spacing and v the coupling matrix element of a chaotic state |χ ch and the closest regular state |χ reg . Their spacing 2κ is uniformly distributed in the interval [0, 1] if the number of regular and chaotic states is equal and the mean level spacing is one. For the 2 × 2 matrix model we therefore chose κ to be a uniformly distributed random variable in the interval [0, 1/2]. Choosing a constant v = v eff gives Eq. (42), see below. We observe that it agrees better with the numerical data than the result obtained for a Gaussian random variable v.
The asymptotic flooding weights for this model can be obtained using Eq. (38) . The overlaps | χ reg | ψ ± | 2 of the eigenstates |ψ ± of H for the 2 × 2 matrix are given by
After some algebra Eq. (38) with N ch = 1 leads for the asymptotic flooding weight to
which after the ensemble average · e = 2 1/2 0 dκ · leads to Eq. (42). The limits for small and strong effective coupling are
The agreement of Eq. (42) with the numerical calculations for the designed map obtained by time evolution, see Fig. 6 , is surprisingly good even for strong coupling, where couplings to many chaotic states are relevant, while they are not considered in the above 2 × 2 matrix model. This is reminiscent to the success of the Wigner surmise for level spacing statistics which is also based on a 2 × 2 matrix model. 
E. Saturation time
We now discuss the time scale t sat for reaching the saturation plateau. For the mth regular torus we define t sat,m by the time at which the initial linear behavior, Eq. (20), intersects the asymptotic flooding weight f 
By expressing γ m in terms of v eff , Eq. (24), and dividing by the Heisenberg time τ H,ch = N ch + M we find the universal scaling
where in the last step Eq. (42) from the 2 × 2 model is used. Numerically, the saturation times are determined by the intersection time of a fitted linear increase with the saturation plateau. Fig. 8 shows the numerical saturation times for the designed map in comparison to Eq. (49). Very good agreement is found. At first, it might be surprising, that the saturation time can be much larger than the Heisenberg time. However, these large time scales arise from small splittings of weakly coupled regular and chaotic states, which are much smaller than the mean level spacing.
F. Transition regime
At the saturation time one has a transition from the linear regime to the saturation regime. In Figs. 4(a) and 5(a) one observes an overshooting of the flooding weights beyond their asymptotic value. It can be understood by Rabi-like oscillations that occur in the 2 × 2 model, Eq. (43) . For fixed coupling v one obtains damped but long-lasting oscillations. For Gaussian averaged couplings v the resulting curve resembles the numerically obtained flooding weights, e.g. as in Fig. 5(a) for m = 1 [34] .
The extreme case of complete flooding is studied in Appendix B. In this case, no overshooting of the flooding weights is observed, see Fig. 11 . The behavior around the transition can be very well described by a masterequation approach. In particular, one obtains an approximate analytical expression for the flooding weights,
for all m, see Fig. 11 .
V. APPLICATIONS
A. Standard map
The Chirikov standard map [43] q n+1 = q n + p n (51) 
with kicking strength K. The quantum time evolution is given by Eq. (4).
In Fig. 9 the flooding weights are shown for different regular tori. The qualitative behavior is the same as for the designed map with an initial linear increase followed by a saturation plateau. For the theoretical prediction, Eqs. (20) and (42), we use the numerically obtained tunneling rates [35, 36] Quantitatively we observe the largest deviation for m = 0. We explain this discrepancy by the less effective Bloch phase averaging, which only leads to few avoided crossings for the standard map. This might be improved by a modified standard map [26] which allows for better averaging.
As an aside we mention that the detailed behavior of the flooding weights for m = 1 can be understood by the use of 2 × 2 matrix models [34] .
B. Mushroom billiard
The phenomenon of flooding also appears in timeindependent systems with a mixed phase space such as two-dimensional billiards. As an example we investigate the mushroom billiard, see inset in Fig. 10 . It is proven to have a sharply divided phase space [44] . Quantum mechanically a particle of mass µ in the billiard can be described by the time-independent Schrödinger equation, ∆ψ i = E i ψ i , with units = 2µ = 1. Numerically, the eigenfunctions ψ i are computed using the improved method of particular solutions [45, 46] . The regular basis states are given by the eigenfunctions of the quarter circle billiard
in polar coordinates (ρ, ϕ), where J m is the mth Bessel function and j mn is its n-th root. For the determination of the asymptotic flooding weights f ∞ it is numerically inconvenient to use the time-evolution of wave packets. Instead we use the eigenfunctions ψ i and determine the asymptotic flooding weight f ∞ applying Eq. (38) billiard, where N ch → ∞,
Here the ensemble average · e is implemented as a variation of the stem length l ∈ [1.4, 2.3] for 450 parameters with fixed R = 1 and a = 0.7. Fig. 10 demonstrates the same universal scaling of the asymptotic flooding weight f ∞ with the effective coupling v eff for the mushroom billiard as observed for the quantum map in Fig. 6 . Asymptotic flooding weights f ∞ > 0.6 could not be achieved as this would require much larger lengths of the stem, which are numerically hard to study. For Fig. 10 we have computed the effective coupling v eff in two different ways: (i) For small couplings we use in Eq. (24) the analytical result for the tunneling rates (Eq. (8) in Ref. [47] ). (ii) For larger couplings, where this analytical result is not accurate enough, we determine v eff from Eq. (22) using the numerically determined averaged width of avoided crossings of the corresponding regular states under variation of the length of the stem [35, 47] .
VI. SUMMARY AND OUTLOOK
The temporal flooding of regular tori by chaotic wave packets is analyzed in detail. The overlap of a wave packet started in the chaotic sea with a regular basis state concentrated on a quantizing torus can show Rabilike oscillations with various amplitudes and frequencies. We average this overlap over different initial states and over an ensemble of quantum systems, which differ in the chaotic region only, e.g. by varying a Bloch phase. By a suitably defined normalization we introduce the flooding weight, which shows universal behavior.
Initially, it increases linearly depending on the regularto-chaotic tunneling rate. Later it saturates and we find that the asymptotic flooding weight shows a universal scaling with a suitably defined effective coupling. This is found for a designed quantum map, the standard map, and the mushroom billiard. The universal scaling of the asymptotic flooding weight is reproduced by a random matrix model and well described by a simple function, Equation (42) , that follows from a 2× 2 matrix model. We also find that the saturation time, at which the initial linear increase turns into saturation, shows universal behavior that can be well described analytically.
Beyond the present study of wave packets started in the chaotic sea, one could study wave packets started on the regular island. They will partially tunnel to the chaotic sea. Their asymptotic weight in the chaotic sea, however, will depend sensitively on the initial wave packet. Universal behavior could be expected for the time evolution of the regular basis states. The initial linear increase in the chaotic region will be governed by the corresponding regular-to-chaotic tunneling rate. The scaling of the asymptotic weight in the chaotic sea needs to be investigated. An experimental investigation of the consequences of flooding using a mushroom shaped microwave cavity will be published elsewhere [48] . 
